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It is proved that there is no congruence function field of genus 4 over GF(2) 
which has no prime of degree less than 4 and precisely one prime of degree 4. 
This shows the nonexistence of function fields of genus 4 with class number one 
and gives an example of an isogeny class of abelian varieties which contains no 
jacobian. It is shown that, up to isomorphism, there are two congruence function 
fields of genus 3 with class number one. It follows that there are seven non- 
isomorphic function fields of genus different from zero with class number one. 
Congruence function fields with class number 2 are fully classified. Finally, it is 
proved that there are eight imaginary quadratic function fields F/K(x) for which 
the integral closure of K[x] in F has class number 2. 
1. INTRODUCTION 
Let F be a field of algebraic functions of one variable having a finite 
field K with q elements as its exact field of constants. The order hF of the 
finite abelian group of divisor classes of degree zero of such a congruence 
function field is called its class number. The main object of this paper is 
to prove that, up to isomorphism, there are precisely seven congruence 
function fields with class number one. MacRae [lo] showed that there 
are four quadratic function fields with class number one which have a 
prime of degree one. Madan and Queen [ll] showed that there is exactly 
one quadratic function field with class number one which has no prime 
of degree one. They also showed that a nonquadratic function field can 
have class number one only if q = 2 and genus g is 3 or 4. Necessary and 
sufficient conditions for this were obtained and the corresponding zeta 
functions exhibited. Examples of two nonisomorphic function fields of 
genus 3 with class number one were given. The question of the existence 
of fields of genus 4 with class number one was left open. In Section 2, 
we answer this question in the negative. There is no field of genus 4 over 
GF(2) which has precisely one prime of degree 4 and no primes of degree 
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less than 4. Section 3 is devoted to the discussion of fields of genus 3. 
We prove that, up to isomorphism, there are precisely two such fields. 
In the sense of Artin [l], the class number hx of a quadratic function 
field F/K(X) is the class number of the Dedekind ring R which is the 
integral closure of K[X] in F. The field F is called imaginary if the infinite 
prime of K(X) does not decompose as product of two different primes. 
In view of the current interest [2] in the analogous problem for algebraic 
number fields, we give, in Section 5, explicitly the eight imaginary quadratic 
function fields with hx = 2. Because of F. K. Schmidt’s relation [13, 
p. 321 between hF and hx , it becomes necessary to study function fields 
with hF = 2. Here, we do not restrict our attention to the quadratic 
case. In Section 4, we give all such possible cases, and in each case, obtain 
necessary and sufficient conditions for h, = 2. Concerning imaginary 
quadratic function fields, it is known [lo] that there are 4 such fields with 
hx = 1, i.e., for which R is a unique factorization domain. Finally, in 
Section 6, we give examples. 
Our discussion in Section 2 gives an example of a function which is not 
the numerator of the zeta function of a function field, but by the recent 
work of Honda and Tate [9, 141 it is the characteristic polynomial for 
the Frobenius endomorphism of an isogeny class of abelian varieties. 
2 
Following a procedure suggested to us by John Tate, we prove here 
that there is no congruence function field of genus 4 and class number one. 
Let F/K be such a field, then we know by [l l] that 4 = 2, N1 = Nz = 
Ns = 0, N4 = 1 and the numerator of the zeta-function of F/K is 
L(U) = 1 - 3 U + U4 -/- 8U6 - 24U7 + 16U0, where U = q-8 and Ni 
denotes the number of primes of F/K of degree i. Let C denote the Cartier 
operator on the space Q of differentials of the lirst kind of F/K. Since K 
is the prime field of two elements, we have that C is a linear map and by 
[12] det (Z - CU) = 1 + U + U4, i.e., the characteristic polynomial of C, 
written in the above form, is equal to L(U) modulo 2. Further, since 
1 + U + U4 is an irreducible polynomial over K, C is determined up to 
equivalence by it. Hence, there exists a basis { W, , W, , W, , W,} of G’ 
such that in this basis 
i.e.,CW,= W,,CW,= W,,CW,= W,,andCW,= WI+ W,. 
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Now because Nr = N, = 0, we have that F/K is not hyperelliptic. Thus, 
the canonical class W gives a model of F/K in projective 3-space P3, 
which is the complete intersection of a quadratic surface F, = 0 and a 
cubic surface F3 = 0. Let the quadratic relation be 
F2(Xl, X2 , X3 , X,> = 1 aiJJj , 
l<i<j<P . ..\ 
where the aii are the coefficients in the unique linear relation among the 
quadratic differentials { Wi Wj 1 1 < i < j < 4}, i.e., 
fW, , W, , W, , W4) = 0. 
We associate to F2 the skew-symmetric matrix 
where aij = aji . 
\a41 a42 a43 0 I 
Since NI = Nz = N3 = 0, no two Wi’s can have a common zero and we 
see by [5, p. 1971, that F2 is equivalent over K to X,X, + X,X, + Xa2 + X42 
and so in particular @ is nondegenerate. Hence, there are just 28 possible 
sp’s. Now changing the basis (WI , W, , W, , W,} of Q by an application 
of C changes di to CQC, Ct is C transpose, and retains the relation (*). 
As a nonsingular matrix over K, C has order 15 and it is easy to see that 
there are exactly four orbits of sizes 3, 5, 5, 15 under the action of C on 
the 28 possible @‘s. Specifically, we only have four different @ to consider, 
and they are: 
(ix;)* (;;g (;;;;)T (ZK). 
Each Cp determines an F2 up to a linear factor squared, i.e., if 
0 al2 al3 al4 
@= a,, 0 a23 a24 
t i 
as1 a32 0 a34 ’ 
a41 ag2 a43 0 
then, Ft = ILsi<ia aiJJj + JW’~ , X2, X3, X4j2, where ~3x1, X2 , X3 , X4) 
is one of the 15 homogeneous linear forms in {XI , X2 , X, , X4} or 0. 
Hence, we now have a total of 64 possible F;s to consider. 
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Given a particular Fz , we want to determine F8 . The cubic forms in 
four variables Xi , 1 < i < 4, is a space of dimension 20 and has a sub- 
space of “special” cubits spanned by the monomials of the form XiXi2, 
i < j. Now, see [8, p. 5221, since F2 is nondegenerate, every cubic form 
can be written uniquely as the sum of a special form and a multiple 
of F2 . Hence, we may assume our F3 is special in which case it is uniquely 
determined. 
We now need a 
LEMMA. Let F/K be a function field of one variable, where K is perfect 
of characteristic 2. Let QFIK be the module of dgerentials of F/K and 
5’ = SF(SZFIK), the symmetric algebra of sZFIx over F. Then there is a 
derivation D: S -+ S such that if WE QFIK, then D W = (C W)2, where C 
is the Cartier operator on QFjK . 
Proof. Let x E F such that x $ F2, then S = F[dx], where d: F -+ 52 is 
the universal derivation. We define D, : S + S, by D(Cn fn(d+) = 
C,, (dfn)(dx)*. Now, if y E F, then there existsf, g E Fsuch thatf2 + g2x = y, 
hence 
d2y/dx2 = 0. 
So that if y E F - F2, we have that D, = D, , i.e., D is independent of x 
and further D( y dx) = D( fz + g”x) dx = g2(dx)2 = (g dx)” = (C( y dx))2. 
Q.E.D. 
Now king F, and applying D to the relation F,( WI , W, , W, , Wa = 0, 
we obtain 
0 = Fs( @‘I , W2 , Ws, W& = C aij(C(WJ’ Wj + WK(Wj)‘). 
l<i<g4 
(**I 
Now replacing the W, by X, for 1 < i d 4 in (**), we obtain a special 
cubic form F&Y, , X2 , X3 , X,) which gives a relation between the cubic 
differentials. Thus, by the above remark F3 is the unique special cubic 
form for which F2 = F3 = 0 gives a model of F/K in Pa and F3 is deter- 
mined only by @ and C. 
Now for each @, we have 16 possible F2, but just one Fs . We proceed 
case by case to eliminate each possibility. We first consider the case 
0 0 0 1 
qj= ( 0010 1 
0 1 1. 0 
,l 0 10 
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In this case, we have 
and since Fz must be equivalent over K to X,X, + X,X, + XS2 + Xd2, 
as we observed above, we need only consider the following eight possible 
F,‘s: 
1. x,x* + X2& + x,x, + (Xl + a2, 
2. XIX4 + x2x2 + &X* + (Xl + x412, 
3. XIX4 + X2& + x3x.4 + (X2 + m2, 
4. x,x* + x,x, + GG + (Xl + x2 + m2, 
5. XIX4 + x2x2 + x,x, + (X, + x2 + X412, 
6. X,X, + X2X2 + X,X, + (X, + X, + &12, 
7. XIX4 + x2x2 + x,x, + (X2 + x, + x4j2, 
8. X,X, + X2X2 + X,X, + (X, + X2 + X, + &12. 
On the curve F, = F3 = 0, (1, 1, 1, 1) is a nonsingular point if F2 is as in 
4, 5, 6 or 7 and (1, 0, 1, 1) is a nonsingular point if F, is as in 2. Next 
(1, p, 1, p) is a nonsingular point if F2 is as in 1 or 3 and finally @, 0, 1, p) 
is a nonsingular point if F, is as in 8, where p2 + p + 1 = 0. Thus, we 
have for the above choice of CD every possible curve F, = FS = 0 has 
a nonsingular point which is rational over the field of four elements, 
which contradicts the condition iV1 = N2 = 0. 
The next three cases for choice of @ are quite similar to what we have 
done above except that each possible curve F2 = F3 = 0 has a K-rational 
point and just as above this contradicts the condition N1 = 0. 
3. GENUS 3 
We prove the following 
THEOREM 1. Up to isomorphism, there are precisely two congruence 
function fields F/K of genus 3 with class number equal to one. Necessarily, K 
is GF(2) and the twoJieI& are 
(i) F = K(X, Y) with dejining equation 
for which NI = 0, N2 = 0 and 
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(ii) F = K(X, Y) with defining equation 
Y4+(X3+X+1)Y+(~*+~+1)=0, 
for which Nl = 0, Nz = 1. 
Proof. We know from [l l] that K = GF(2), N3 = 1, NI = 0 and 
A$ = 0 or 1. The degree of the canonical class W is 4 and its dimension 
is 3. There are seven integral divisors in W. The conditions on N1 and Nz 
imply that, at least, six of these are primes of degree 4. Let P be one such 
prime and consider the space L(P-l). Let 1, X, Y be a basis of this three- 
dimensional space. Then, the 15 elements 1, X, X2, X3, X4, Y, Y2, Y3, Y4, 
XY, Xy2, XY3, X2Y, X3Y, X2Y2 all belong to L(P-3. However, by the 
Riemann-Roth theorem [3, 41, dim L(P-3 = 14. Thus, there is a relation 
of linear dependence 
e,Y4 + (e, + e2x) Y3 + (e3 + e4X + GW Y2 
+ (e, + e,X + e3X2 + eJ3) Y 
+ (elo + ellX + e12X2 + e13X3 + e14x3 = 0. (1) 
Now since F/K is not hyperelliptic, it is easily seen that F = K(X, Y), 
where e, = 1. Further, since g = 3 and the affine curve given by (1) is 
of degree 4, we have by Plucker’s formula that (1) is a nonsingular affine 
model for F/K. We rewrite (1) as 
Y4 + (a, + UlX) Y3 + c&l + blX + b2X2) y2 
+ (co + c,x + c2x2 + c3X3) Y 
+ (d, + d,X + d2X2 + daX3 + d4X4) = 0. (2) 
Because of the conditions on N1 and N, , at least one prime of degree 
one in K(Y) must remain inert in F. We can assume, without loss of 
generality, that the prime determined by Y is such a prime. It follows that 
d,, + d,X + d2X2 + d3X3 + d4X4 (3) 
is one of the three irreducible polynomials of degree 4 over GF(2). These 
are 
x4+x+ 1, (4) 
X4+ X3+ 1, and (5) 
x4+x3+x2+x+ 1. (6) 
If (3) and (4) are different, we can transform the defining Eq. (2) of F 
such that, in the resulting equation, (3) and (4) are equal. Considering, 
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now, the extension F/K(X), the condition A$ = 0 forces the following 
relation on the coefficients in (2): 
ao+b,+c,= 1, (7) 
a,+b,+c,= 1, (8) 
b,+c,+c,= 1. (9) 
We observe that c, , c2 , c3 are determined by our choice of a,, , ul, b, , 
b, , b, , c, . Considering that (4) is invariant under X -+ X + 1, the 64 
possibilities for Eq. (2) reduce to 36. We tabulate these 36 possible poly- 
nomials as 9-tuples (a0 , a, , b, , bl , b, , co , c1 , c2 , CJ and list them in 
Table I. 
TABLE I 
1. to,o, LO,O,O,O, 191) 
2. (0, o,o, 0, 1, LO, 190) 
3. to, 0, 1, l,O, o,o, 0, 1) 
4. a09 1, 0, LO, l,O, 0) 
5. to, 0, 1, 1, l,O, o,o, 0) 
6. (0,0,0,1,1,1,1,1,0) 
7. to, o,o, 1,L LO, 070) 
8. to, 071, 1, LO, 1, 190) 
9. (1, o,o, 0, LO, Cl, 0) 
10. (l,O, 1,0,1,1,1,0,0) 
11. (1,0,1,1,1,1,0,0,0) 
12. (l,O, 0, 1, l,O, o,o, 0) 
13. (0,1,1,0,0,0,0,1,0) 
14. (0, 1, 1, l,O, 0, 1, 1,O) 
15.(0,1,0,0,1,1,1,0,1) 
16. (0,1,0,1,0,1,1,1,0) 
17. (0, 1, 1, 1, l,O, 1, 1, 1) 
18. (l,O, l,O, 0, l,O, 1, 1) 
19. (l,O, 0, 1, l,O, 1, 1,O) 
20. (l,O, 1, 1, 1, 1, 1, 1,O) 
21. (0, 1, 1, 0, l,O, 0, 1,l) 
22. (0, 1, 0, 1, 1, 1, 1, 1, 1) 
23. (0, 0, 0, 1, 0, 1, 0, 0, 1) 
24. (0,1,0,0,0,1,0,1,0) 
25. (0, l,O, 1, 1, I, 0, 0,l) 
26. (0, 1, 0, 0, 1, 1, 0, 1, 1) 
27. (1, 0, 0, 1, 0, 0, 0, 0, 1) 
28. (l,O, 0, o,o, o,o, 1,l) 
29. (0, 0, 0, 0, 0, 1, 1, 0, 1) 
30. (l,O, 1, l,O, l,O, 0, 1) 
31. (0,1,0,1,0,1,0,0,0) 
32. (0, 1, 0, 0, 0, 1, 1, 0,O) 
33. (0,1,1,1,0,0,0,0,0) 
34. (0, 1, 1, 0, 0, 0, 1, 0,O) 
35. (0,1,1,1,1,0,0,0,1) 
36. (0, 1, 1, 0, 1, 0, 1, 0, 1) 
Direct verification shows that 1-17 (inclusive) are to be rejected because 
Nz > 2. Also, 18-24 (inclusive) are to be rejected because the corre- 
sponding polynomials decompose over GF(4) and, hence, do not define 
geometric extensions. For 25-36, N3 = 1. Also Nz = 0 for 25-28 and 
Nz = 1 for 29-36. We claim that 25-28 give isomorphic fields and that 
29-36 give isomorphic fields. We shall prove only the first part of the 
18 LEITZEL, MADAN AND QUEEN 
assertion. (The proof of the second part is similar). The four possibilities 
under considerations are 
Y4+XY3+(X+X2)YZ+(1+X3)Y+(X4+X+1)=0, (i) 
Y4+XY3+X2Y2+(1+X2+X3)Y+(X4+X+1)=0, (ii) 
Y4+ Y3+XY2+X3Y+(X4+X+1)=0, (iii) 
Y4+ Y3+(X2+X3)Y+(X4+X+ l)=O. (iv) 
Let Y = Y’ + X. Then F = K(X, Y) = K(X, Y’). Substitution in (iv) 
gives 
(Y’+X)4+(YI+X)3+(X2+X~)(Y’+X)+(X4+X+1)=0, 
which simplifies to 
Y’4f Y’3+XY’2+X3Y’+(X4+X+ l)=O. 
This is (iii) with Y replaced by Y’. Similarly, if in (iv) we put X = X’ + Y 
and recompute, we get (ii). Finally, if in (ii) we interchange X and Y, we 
get (i). Thus, the fields given by 25-28 are isomorphic. As shown in [ll], 
the genus is 3. Q.E.D. 
In view of our discussion in Section 2, the results of [lo] and [ll] 
and Theorem 1, we see that all congruence function fields of class number 
one have been determined. We collect the results in the following 
THEOREM 2.\ Up to isomorphism, the following seven fields are the 
only congruence function jelds F/K which have class number one and genus 
drerent from zero : 
K = GF(2), g = 1, deBning equation P -I- Y = X3 + X f 1, (0 
K = GF(2), g = 2, dejining equation Y2 + Y = X6 + X3 + 1, (ii) 
K = GF(2), g = 2, defining equation 
Y2 + Y = (X3 + X2 + 1)(X3 + X + I)-‘, (iii) 
K = GF(2), g = 3, defining equation 
Y4+XY3+(X2+X)Y2+(X3+1)Y+(X4+X+1)=0, (iv) 
K = GF(2), g = 3, defining equation 
Y4+(X3+X+1)Y+(X4+X+1)=0, (v) 
K = GF(3), g = 1, defining equation Ye = X8 + 2X + 2, (vi) 
K = GF(4), g = 1, defining equation Y2 + Y = X3 + 7, 
where r) generates the multiplicative group of K. (vii) 
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4. CLASS NUMBER 2 
Using the notation of [4, 61, we denote the numerator of the zeta 
function of a function field F/K by 
L(u) = 1 + a,u + **a + u,zP + .*. + qWY. (10) 
Using the Riemann hypothesis, we have from (10) 
L(u) = If (1 - qlPe”‘u)(l - qlPe+u) 
j=l 
= fi (1 - 2qlk cos ej + 4242). 
j=l 
(11) 
Considering that L(1) = hF , we obtain from (11) 
hF > (qli2 - 1)Q. (12) 
In this section, we wish to study function fields for which hF = 2. 
It is clear from (12) that hF > 2 if q > 6. Consequently, our attention is 
focused on the cases q = 2, 3, 4, 5. In these cases, we shall give necessary 
and sufficient conditions for hF = 2. First, we prove 
THEOREM 3. Let F/K be a congruence function jeld of genus g such that 
K is the exact field of constants and 2 < 1 K / = q < 5. Then, its class 
number is larger than two if any of the following conditions are satisJed. 
(i) q = 4 or 5 and g >, 2. 
(ii) q = 3 g b 3. 
(iii) q = 2 g 2 6. 
Proof. Since the argument parallels that given in [ll], we shall omit 
the details. Let F/X denote the constant extension of degree 2g - 1. 
If N, denotes the number of primes of degree one in the extension F, 
we have, by the Riemann hypothesis 
iv1 > q-1 + 1 - 2g . q(BO--1)/Z* 
Considering that these N1 primes come from primes of F of degree 
dividing 2g - 1, it follows that F has, at least, (q2g-l + 1 - 2g + q(2g-1)/2) x 
(2g - 1)--l integral divisors of degree 2g - 1. On the other hand, the total 
number of integral divisors in F of degree 2g - 1 is hp(qQ - l)(q - 1)-l. 
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Therefore, hF > 2 if 
(q - l)(qZ@ + 1 - 2g * q (2g-1)/2) > 2(qg - 1)(2g - 1). 
Let S(q, g) = (q - l)(q2g-1 + 1 - 2g * qc2g-1)/2) - 2(qg - 1)(2g - 1). It 
is checked that S(q, g) > 0 and that, considered as a function of g, 
S(q, g) is increasing precisely in the cases listed in the theorem. This 
completes the outline of the proof. 
Returning to the general discussion, we remark that if hF = 2 then 
F/K can not have three or more primes of degree one. For the existence 
of three such primes PI, P2, P, would imply that two of them must be 
in the same class forcing the genus to be zero. But fields of genus zero 
have class number one. 
From (lo), we obtain, using the functional equation 
hF = L(1) = (1 + qg) + (1 + qg-l) al + a-- + (1 + q) agBl + a,. (13) 
It is easy to verify that a, = iV1 - (q + 1) and 2~2, = iV12 - (2q + 1) N1 + 
2N2 + 2q. For our further computations, we need also the coefficients 
a3 , a4 , a5 , but these only for q = 2. We have already noted that N1 < 2. 
So, we list below, for future reference, the nine possibilities in Table II. 
TABLE II 




N,-3N, N,-2N, N,-N,--1 
Nr3Ns+#V+W +W+K)-2Ns+N, Nr-Nr-1 +;t(N+N,) 
N,--3N,+2N,+N,N, Nr2Nd-NaN~ N,--Nr,-N,+N,N, 
-@V+N,) -(W+Na) +)W+%l 
(These entries are routine computations from Newton’s recursion formulas 
[15, p. 1021 and have been explicitly indicated in [ll].) Observing that if 
F/K has genus 1, then hF = 2 iff ZV1 = 2, we state the following 
THEOREM 4. Let F/K be a function jield of genus g > 1 having the 
jinite$eld K with q elements as its exactjield of constants. Then 
(i) q = 3, g = 2 implies hF = 2 lflNI = 0, N2 = 5, 
(ii) q = 2, g = 2, NI = 0 implies hF = 2 #N, = 4, 
(iii) q = 2, g = 2, NI = 1 implies hF = 2 lrN2 = 3, 
(iv) q=2,g=2,NI=2implieshp=2z&?-Na=l, 
(v) q = 2, g = 3, NI = 0 implies hF = 2 lJfN3 = 2, 
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(vi) q = 2, g = 3, Nl = 1 implies hF = 2 if N, + N3 = 3, 
(vii) q = 2, g = 4, Nl = 0 implies hF = 2 lJ” 
2N, + N22 - 3N2 = 4, 
(viii) q = 2, g = 5, Nl = 0 implies h, = 2 zj” 
N5 - 2N, + N2N3 = 2. 
Proof. (a) q = 3, g = 2. We have from (13) 
hF = 10 + 4a, + a2 = (-6 + N12 + Nl + 2N2)/2. 
Thus, hF = 2 iff 
N12 + Nl + 2N2 = 10. (14) 
Comparing the coefficients of zeta functions in (10) and (1 l), we obtain 
cos fll + cos 8, = ((4 - Nl) * 31j2)/6, 
cos 8, cos e2 = (N12 - 7N, + 2N2 - 6)/24. 
(15) 
Using (14), we see that, if hF = 2, then cos (I1 , cos e2 must be roots of 
the quadratic polynomial 
f(x> = xz + WI -64)31’2 x + 1 -;N, . 
But, 6f(l) = 7 - 4 2/5 + (~‘3 - 2) Nr is negative if Nr 3 1. Thus, 
f(X) has a root larger than one. A contradiction. Consequently, from (14), 
hF=2iffNI=0,N2=5. 
(b) q = 2, g = 2. As in (a), we obtain the class number formula 
hF = (N12 + Nl + 2N2 - 4)/2. 
Therefore, hF = 2 iff 
N12 + Nl + 2N2 = 8. 
Statements (ii), (iii), and (iv) are obvious from (16). 
(c) q = 2, g = 3. As before, we obtain 
hF = (-lON, + 3N12 + NIs + 6NIN2 + 6N3)/6. 
Therefore, hF = 2 iff 
N13 + 3N12 - 1ONr + 6NlN2 + 6N3 = 12. 
(16) 
(17) 
22 LEBTZFIL, MADAN AND QUEEN 
Statements (v) and (vi) are obvious from (17). Comparing coefficients in 
(10) and (1 l), we obtain 
--cOse,=~, 
a2 - 6 
c cos d* cos 8, = 7, 
- cos e, cos 8, cos es = a3 T2”l q/2. 
Therefore, the cubic polynomial having cos 8, , cos 8, , cos 0, as roots is 
f(+X3+%+2+!++ a3;2kl d/2. 
Thus, 
32f (1) = 8 + 4a2 + 1/Z a, + 4a, dZ. 
Now, if IV1 = 2, we see from (17) that iV3 = 2 - 2N2 . Using this and 
the values of a, , a2, a, , (a3 from Table 2), we find 
32f (1) = 8 + 4(N2 - 1) + 2/2(1 - 3&) - 4 q/z 
= 4 - 3 d/z + N2(4 - 3 I@ < 0. 
Thus, f(X) has a root larger than one. A contradiction. 
(d) q = 2, g = 4. The class number is given by 
hF = 17 + 9a, + 5a, + 3a3 + a, . 
Therefore, hp = 2 iff 
17 + 9a, + 5a2 + 3a3 + a, = 2. 
Comparing coefficients in (10) and (1 l), we get 
a, - 8 
c cos et cos e, = - 
8 ’ 
(18) 
- c cos e, cos e, cos ok = (a, - 6a3 1/Z 
c0s8,c0s8,c0s8,c0s~,= a4ez+8 .’ 
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Thus, the quartic polynomial satisfied by cos Bi , i = 1, 2, 3, 4, is 
64f(l) = 8 + 4a, + a4 + 2 1/Z a, + 4 1/Z a, . (19) 
Substituting in (19) the values of a, , a, , a3 , a4 , (a3 , a4 from Table 2), 
we find that, if N1 = 0 then 2N4 + Nz2 - 3N, = 4, which is (vii). 
Further, if N1 = 1, then 2N4 + 2N, + N22 - N2 = 6. Using this, 
(19) implies 
64f(l) = (11 - 8 d/2) + N&2 d/z - 3) + N2(5 - 4 2/z), 
so that f(1) < 0 and this case cannot arise. Similarly, if N1 = 2, we find 
2N4 + 4N, + N22 + 3N2 = 6 and 
W(l) = (6 - 6 l/i> + N,(2 - 2 d/2) + N,(2 1/Z - 3), 
so that f(1) < 0 and this case can also not occur. 
(e) q = 2, g = 5. In this case, we have the class number formula 
hF = 33 + 17~2~ + 9a2 + 5u, + 3u, + u6. 
Therefore, hF = 2 ilT 
33 + 17u, + 9u, + 5u, + 3u, + a.5 = 2. 
Comparing coefficients in (10) and (1 l), we find 
(20) 
- c cos ei = (a, t/2)/4, 
c cos ei cos 6, = (a, - 10)/8, 
- c COS ei COS ej COS en = ((U2 - 8Ul) 1/2)/x, 
CCOS e&OS e,COS ekmS ez = (U4 - 6~~ + 20)/64, 
- COS el COS e2 COS 8s COS 8, COS 8, = ((a6 - 4U, -j- 8U,) d/2)/256. 
Hence, cos Bi , i = l,..., 5 satisfy the quintic polynomial 
+ u4-2+20x+ (us - 4u, + 8~3 dZ 256 . (21) 
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Substituting in (20) the values of ai , i = 1,2 ,..., 5, (as, a,, a5 from Table 2), 
we find that Nr = 0 implies N5 - 2N, + NZN3 = 2. This is (viii). If 
N1 = 1, then NE + N4 + N2N, - N, + $(NZa - NJ = 3. Using this, 
we obtain from (21), 
256f(l) = (16 - 13 d/z) + N, (10 - ; 42) + N,(5 42 - 8) 
+ N,(4 - 3 42) + F (4 - 3 x0), 
so that f(1) < 0 and this case cannot occur. Similarly, for Nl = 2 we 
obtain N5 + 2N, + N3 + N,N, + Nt2 + Nz = 4, and hence, from (21), 
256f(l) = (4 - 9 d/2) + N2 (6 - ; 1/z) + N22 (2 
3 1’ ) 
+ N,(2 d/z - 4) + N,(4 - 3 1/z). 
Thus, f(1) < 0 and this case can also not occur. This completes proof 
of Theorem 4. 
5. QUADRATIC EXTENSIONS 
In this section, we show that, up to isomorphism, there are eight 
imaginary quadratic function fields F/J&Y) which have class number 
hr = 2. We have F. K. Schmidt’s [13, p. 321 relation rxhx = dhF , where 
d is the g.c.d. of the degrees of the infinite primes of F and r, is the 
regulator. For a quadratic imaginary extension, r, = 1 and d = 1 or 2. 
Thus, the two cases to be considered for hx = 2 are d = 2, hF = 1 and 
d = 1, hF = 2. There are five quadratic extensions with h, = 1. By making 
a transformation, we can achieve that the infinite prime does not ramify 
and hence d = 2. In this way, we obtain 5 fields with hx = 2. From our 
results in Section 4, we ,know that hF = 2 with N1 = 1 is possible only for 
the cases q = 2 and g = 2 or 3. We treat these now. 
(i) Let q = 2, g = 2, N1 = 1. Then, h, = 2 iE N2 = 3. We assume 
that it is the infinite prime which ramifies. Then, the other two primes 
of degree one are inert and N, = 3 forces the prime determined by 
X2 + X + 1 to ramify. Using the Riemann-Hurwitz genus formula, the 
normal form [7] of the defining equation is 
Y2 + Y = Irr. poly. of degree 3/(X2 + X + 1) 
There are two irreducible cubits X3 + X + 1, X3 + X2 + 1 giving 
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isomorphic fields under the substitution X -+ X + 1. Thus, there is one 
field, up to isomorphism, given by 
Y2 + Y = (X3 + x + 1)/(X2 + x + 1). 
(ii) Let 4 = 2, g = 3 and NI = 1. Then, h, = 2 iff Nz + N3 = 3. 
Since we are concerned with quadratic extensions, NI = 1 already gives 
N2 > 2. Thus, we have the two possibilities: 
(A) N,=1,N2=2,N3=1, 
(B) NI = 1, Nz = 3, N3 = 0. 
For (A), the defining equation of F = X(X, Y) in the normal form of 
Hasse is 
Y2 + Y = h(X)/q(X), 
where q(X) is an irreducible cubic and h(X) is an irreducible quartic. 
This follows from our conditions on NI and N2 and the genus formula. 
Using the basic isomorphism X -+ X + 1 and X -+ l/X of K(X), we find 
that the six possibilities form one isomorphism class of fields. A represen- 
tative of this class is defined by 
Y2+ Y= (x4+x+ 1)/(X3+X+ 1). 
For (B), assuming without loss of generality that the infinite prime 
ramifies, the defining equation is 
Y2 + Y = WMX), 
where q(X) is the irreducible quadratic and h(X) is an irreducible quintic. 
As in (A), it is easily seen that there is precisely one such field up to 
isomorphism given by 
Y2 + Y = (X6 + x2 + 1)/(X2 + x + 1). 
We have thus proved 
THEOREM 5. Up to isomorphism, there are eight imaginary quadratic 
congruence function fields F/K(X) for which the integral closure of K[X] 
in F has class number 2. 
6. REMARKS AND EXAMPLES 
(i) Let 1 K 1 = q = 3 and F/K be a function field of genus 2. Then, 
hp = 2 iE NI = 0, N, = 5. Thus, F is a quadratic extension F/K(X) 
defined by an equation Y2 = f(X), wheref(X) is square free. Since NI = 0 
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and g = 2, deg f(X) = 6 and leading coefficient is not a square in K. 
There are four primes of degree 2 arising from primes of degree 1. Thus, 
NZ = 5 forces f(X) to be the product of an irreducible quartic and an 
irreducible quadratic. Using the isomorphisms X -+ X + 1, and 
X -+ l/X, we can reduce to 18 the possibilities of the generic form 
Y2 = 2(X2 + 1) P(X), with P(X) an irreducible quartic. After immediately 
ruling out the ten possibilities for which P(0) = 2, the remaining eight 
can be reduced by casewise argument to the two possibilities 
(a) Y2 = 2(X2 + 1)(X4 + X3 + 2X + l), 
(b) Y2 = 2(X2 + 1)(X4 + 2X3 + X + 1). 
These two are isomorphic under the transformation X -+ 2X. Thus, in 
this case, up to isomorphism, there is one field with hF = 2. 
(ii) From Theorem 4, if q = 2 and g = 5, then hp = 2 if N1 = 0 
and N5 - 2N, + N,N, = 2. If we analyze a little more carefully Eq. (21) 
for X = 1 and N1 = 0, we see 
256f(l) = (32 - 22 42) + N, (18 - q) + &a (2 _ ?$!?) 
+ N3(8 d/z - 12) + N4(4 - 3 1/Z), 
and, so Nz = 0 or else f(1) < 0. Thus, we have only to consider 
256f(l) = (32 - 22 42) + N,(8 42 - 12) + N4(4 - 3 l/Z). (23) 
Since the coefficient of N4 is negative, we find that Ns < 1. The alternative 
N, = 0 in (23) allows N4 < 3, but N3 = 1 forces N4 = 0. The numerator 
of the possible zeta functions is determined by one of the five possibilities 
(a) N,=O,N,=O,N,=l,N,=O,N,=4, 
(b) Nl = 0 = N, = N3, 0 < N4 < 3, N5 = 2. 
(iii) A similar argument gives the following possibilities for q = 2, 
g = 4, hF = 2: 
(a) N1 = 0, Nz = 0,O < Ns ,< 6, N4 = 2, 
(b) N1 = 0, Na = 1, 0 < N3 ,< 2, N4 = 3, 
(c) Nl = 0, N, = 2, N, = 0, N, = 3. 
(iv) In Section 2, we have shown that there is no function field for 
which q = 2, g = 4, Nl = 0 = Nz = N3 , N, = 1. However, the poly- 
nomial L(u) obtained by using these conditions determines [9, 141 an 
isogeny class of abelian varieties. There is no jacobian in this class. 
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